Abstract-This paper describes a class of orthogonal binomial filters that provide a set of basis functions for a bank of perfect reconstruction (PR) finite impulse response quadrature mirror filters (FIR QMF). These binomial QMF's are shown to be the same filters as those derived from a discrete orthonormal wavelet transform approach by Daubechies. These filters are the unique maximally flat magnitude square PR QMF's. It is shown that the binomial QMF outperforms the discrete cosine transform objectively for AR(1) sources and test images considered.
I. INTRODUCTION
Perfect reconstruction quadrature mirror filters (PR QMF's) have been proposed as structures suitable for hierarchical subband coding [ ll- [4] , and also for multiresolution signal decomposition as might be used in image pyramid coding [ 5 ] . More recently, multiresolution signal decomposition methods are being examined from the standpoint of the discrete wavelet transform for continuous-time signals [6]- [8] . In this paper, we describe a class of orthogonal binomial filters that provide basis functions for a perfect reconstruction bank of finite impulse response QMF's. The orthonormal wavelet filters derived by Daubechies 171 from a discrete wavelet transform approach are shown to be the same as the solutions inherent in the binomial-based filters.
The energy compaction performance of the binomial QMF decomposition is computed and shown to be better than the DCT for the Markov source models, as well as real-world images considered. The proposed binomial structure is efficient, simple to implement on VLSI, and suitable for multiresolution signal decomposition and coding applications.
THE BINOMIAL-HERMITE FAMILY
The binomial-Hermite sequences [9] are a family of finite duration discrete polynomials weighted by a GaussManuscript received May IO, 1990; revised April 16. 1992 . This paper was presented in part at the NJIT Symposium on Multiresolution Signal Decomposition Techniques: Wavelets, Subbands, and Transforms. April 30, 1990. and SPIE Visual Communication and Image Processing. 1990, Lausanne. A. N. where k ( " ) is a polynomial in k of degree v A network realization of this family of filters is shown in Fig. 1 . This structure represents an interconnection of add and difference operators, in a purely nonrecursive FIR form. Yet, another configuration arises from the representation This form, ( 5 ) suggests the bank of filters shown in Fig.   2 . The advantage of this structure is evident-the entire family is obtained by simply tapping off the appropriate point in Fig. 2 . Since each (1 -z-')/(l + z-I) block can be synthesized with one delay element, the pole-zero cancellation structure of 
-
The pole-zero cancellation implicit in ( 5 ) can be achieved exactly since all coefficients are k 1. However, care must be taken to clear all registers before data is inputted to the front end of the filter. That is to say, the initial state must be zero to ensure stability. At any rate, either realization is achieved without multiply operations.
For a given N , we define the cross correlation of the sequences x, (n) , and x, (n) by [4] . Tracing the signals through top and bottom branches gives the reconstructed signal as
and Perfect reconstruction requires
p r s ( -n ) = LJ,,(n) v s, r.
(8)
Now for any real cross correlation ii)
Furthermore, The choice of
We can build up higher order matrices from lower order ones. Using superscript notation, we can easily show that satisfies the first requirement S(z) = 0 and eliminates the Next, with Odd, One can choose
leaving us with the familiar
(10)
Therefore, with these constraints, this perfect reconstruction requirement reduces to finding an N ( z ) = HI ( z ) such
These cross correlations will be used later in the design of binomial QMF.
P-
It is now a straightforward matter to impose PR condition of (24) on the binomial family. First, we take as
( 1 7 ) the low-pass filter This selection implies that all four filters are causal when-
a spectral density function and hence is representable by a finite series of the form
The PR requirement (17) can be readily recast in an alternate time domain form. First, one notes that R ( z ) is or
For convenience, we take BO = 1 , and later impose the normalization of (23). Substituting (25) into (20) gives
(19)
Therefore, Q ( z ) consists only of even-powered z . To force
Q (z) = constant, it suffices to make all even-indexed coef-
ficients in R ( z ) equal to zero except yo. However, the y n coefficients in R ( z ) are simply the
where o indicates a correlation operation. This follows from the z-transform relationships
where p ( n ) is the convolution of h ( n ) with h ( -n ) , or equivalently, the time autocorrelation (20) .
Hence, we need to set p ( n ) = 0 for n even, and n # 0. Therefore
where prs(n) is given by ( 6 ) and (8) . Equation (9) implies that the second summation in (26) has only terms where the indices differ by an even integer. Therefore, the autocorrelation for the binomial half-bandwidth low-pass filter is
This condition gives a set of ( N -1 ) / 2 nonlinear algebraic equations, in the (N -1 ) / 2 unknowns el, e2,
These equations were solved using Macsyma. The implementation of these half-bandwidth filters is trivially simple and efficient using either the purely FIR latter is shown in Fig. 4 for N = 5 , wherein both lowstructure, or the pole-zero cancellation configuration. The 0, Set 1 Set 2 Set 3 Set 4 pass and high-pass filters are simultaneously realized. Fig.  5 shows the QMF bank using the direct form. Coefficient Bo can be taken equal to unity, leaving only and O2 as tap weights. These are the only multiplications needed when using the binomial network as the half-bandwidth QMF rather than the six h ( n ) weights in a transversal structure.
The values of Or, for N = 3 , 5, 7, (corresponding to 4, 6, 8 tap filters, respectively) are given in Table I ( a nonminimum phase filter. The magnitude responses of both filters are identical. Although in our derivation, no linear phase constraint on h ( n ) was imposed; it is noteworthy that the phase responses are almost linear, the nonminimum phase filters even more so. The magnitude and phase responses of these minimum phase binomial QMF's are given in Fig. 6 for the cases N = 3 , 5 , 7 . Table I1 provides the normalized 4, 6, 8 tap filter coefficients h ( n ) for both minimum and nonminimum phase cases. We may recognize that these filters are the unique max- imally flat PR QMF solutions. In fact, it can be shown that the PR requirements of (17) are satisfied if we choose the 0, coefficients to satisfy maximally flat requirements at w = 0, and w = T . Explicitly, with R ( w ) = IH(ej")(*, we can set 8, to satisfy
Herrmann [ 111 provides the unique maximally flat function on the interval [0, 11. This function can be easily mapped onto the Z plane to obtain the maximally flat magnitude square function R ( z ) [ 121, [19] . Now, one can obtain the corresponding H(z) from R ( z ) via factorization. This approach extends Herrmann's solution to the PR QMF case. The explicit form of R ( z ) is given later in (31).
V. ORTHONORMAL WAVELET TRANSFORMS A N D THE
BINOMIAL QMF The orthonormality condition on wavelet transforms leads to the wavelet filters that are PR QMF's themselves. Therefore, the theory of orthonormal wavelet transforms is strongly associated with the theory of orthonormal twoband PR QMF filter banks. We have demonstrated that the binomial QMF's are identical to the wavelet filters proposed by Daubechies [7] . Since wavelet approximations are made in the continuous domain, some regularity on the wavelet function is desired. This regularity actually implies the degree of differentiability of the wavelet basis functions. It imposes conditions on the corresponding wavelet filters. Since the design of wavelet bases starts with the design of the wavelet filters, one should define the connection between the PR QMF design and the behavior of the corresponding continuous-time wavelet functions. Daubechies showed that the number of zeros of the wavelet filters at w = 7r is related to the regularity of the corresponding wavelet function [7] .
The regularity concept is unique to wavelet filters. Conventional PR QMF design does not invoke this requirement explicitly, except that the zero-mean condition on the high-pass QMF implies some degree of regularity. The binomial QMF has this feature inherent. The regularity tool suggested in . (32) is identical to the polynomial used in [7] . The magnitude square function R ( z ) is a linear combination of the lower-half, even-indexed binomial sequences with length 2N + 1. H ( z ) is now obtained via factorization.
VI. PERFORMANCE OF BINOMIAL QMF-WAVELET TRANSFORM The performance of the binomial QMF signal decomposition scheme is compared with the industry standardthe discrete cosine transform (DCT) in this section.
The energy compaction power of any unitary transform is a commonly used performance criterion in the literature. The gain of transform coding over PCM at the same bit rate is defined as [ 131
where U: are transform coefficient variances. This measure assumes that all coefficients, as well as the original signal, have the same rype probability density function. This assumption is clearly correct only for Gaussian sources. Nevertheless, it is known in the literature that this measure is consistent with the observed experimental coding performance for block transforms.
Similarly, the gain of subband coding over PCM is defined as
Here a: is the variance of the signal in the Ith subband. 
and calculated G T C and G s B C for different cases. These results are displayed in Table 111 . Equations ( 3 3 ) and (34) are easily extended to the two-dimensional case for separable transforms and separable QMF's. The energy compaction performance of the two techniques is also tested for several standard images. These results are given in Table IV. The results demonstrate that the six-tap binomial QMF compacts the input signal energy better than the comparable sized DCT for both theoretical source models as well as for the standard test images considered.
The objective performance of binomial QMF and the optimal PR QMF designed based on energy compaction are very close for AR( 1) sources [ 151.
In [ 161, binomial QMF's have been successfully employed for subband compression of high-definition television (HDTV). They compared the performance of several well-known filter banks at bit rates 0.5, 0.75, 1, 1.25 and higher bits/pixel. It is reported that six-and eight- VII. CONCLUSIONS An efficient perfect reconstruction binomial QMF structure is developed. The new configuration utilizes the binomial network that has only addition operations. This approach provides a set of unique filter solutions with the maximally flat magnitude square functions. The phase responses of these filters are almost linear. These filters are the same as the orthonormal wavelet filters derived by Daubechies [7] .
The binomial QMF-wavelet signal decomposition structures have better energy compaction than the industry standard DCT for Markov sources and the standard test images considered. Their good subjective performance for subband coding of HDTV was reported in [ 
